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1) Z(P) must be a positive real function

of p;

2) ?m(P)m2(@) –?21(P)?22(P) = C(P2– 1)”.

Condition 2 implies that both numerator
and denominator are of degree n and it is
readily argued that an impedance function
formed by terminating a section of trans-
mission line in an indeterminant impedance

function will remain indeterminant. Further-

more if Z(P) is normalized so that the coeffi-

cient of P“ in Its denominator is unity then C

equals the terminating resistance.

HENRY J. RIBLET

Microwave Dev. Labs., Inc.
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Vector Formulations for the Field

Equations in Anisotropic Wave-

guides*

In the following we will exhibit vector
formulations for the equations determining
the different components of the electromag-
netic field in a source-free uniform wave-

guide. All results will be stated without
proof. The derivations are given elsewhere.1
The vector formulations given below are

~pplicable to uniform waveguides contain-
ing anisotropic media restricted only by the

requirement that the permittivity (s) and

permeability (V) dyadics be independent of

the axial coordinate z. For uniform wave-
guides (with the indicated restriction on v

and e) we consider solutions to the Maxwell
equations which display characteristic time
and z dependence of the form exp ;(KZ — cot).

This assumption permits us to eliminate the
z and t dependence from the Maxwell equa-

tions and rewrite these as:

E

‘[ 1
= o, (1)

iH

Here, as iu all the matrix equations which
follow, dot product multiplication is to be
understood for the products of dyadics and
vectors. In (1), E and 27 are, respectively,
the steady-state electric and magnetic fields;
V, is the transverse gradient operator; zo is

the unit vector in the axial direction; 1 is the

unit dyadic; and 1 t is the unit transverse

dyadic:

It is well known that the transverse field

components, Et and Ht, constitute the inde-

pendent field components. To eliminate the
dependent longitudinal components from
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Center.
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(1) it is convenient to express, e.g., the s where D(K), X, 523 are defined in (7)–(9) and:

dyadic as

(3)

where si is a transverse dyadic, W, and s.~
are vectors, and G is a scalar; i.e.,

A similar representation is chosen for the u
dyadic. It can then be shown that the

(independent) transverse field components
satisfy the following pair of (coupled)

second-order differential equations (trans-

verse vector eigenvalue problem):
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Note that, in general, 1/D(K) does not com-

mute with either !3 or 3 since these contain

differentiation operations. The reader may

verify that the result in (11) reduces to the
equation given by Kalesz for the special case

of an axially magnetized gyromagnetic
medium (i.e., where e is a scalar and

Vf, =g.t =0).
Any solution E., H. to (11) yields, via

(7), an eigenfunction (mode) of the trans-
verse vector eigenvalue problem (5). This

Once solutions to (5) are obtained, the cor-

responding longitudinal field components

can be determined from a knowledge of the

transverse components via

c
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In general, to obtain solutions to the

transverse vector eigenvalue problem (5) is
a formidable task. We recall that even in the

case of isotropic waveguides such solutions

are usually obtained by replacing the vector

eigenvalue problem by a pair of scalar
eigenvalue problems whose eigenfunctions
are (except in the case of TEM modes) pro-

portional to the longitudinal field compo-
nents. A similar technique maybe employed

in the general auisotropic situation under
consideration here. It can be shown that the
transverse field components are derivable
from the longitudinal field components via

where

D(K) = K4 + CNK2 Tr (ZOXW .zo)(st) + ti4A&

(8)

+ ~z

[
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1
, (9)
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A, and AP are the determinants of (the matrix
representations of) the w and w dyadics, re-

spectively, and Tr (zo XW. zo X si) is the

trace of (the matrix representation for) the
dyadic ZOXW ..o X% Further, it can be
shown that the longitudinal field components
satisfy the following pair of (coupled)

second-order differential equations (scalar
eigenvalue problem):

procedure is manifestly not valid when

D(K) =0. Therefore, the set of vector eigen-

functions obtained from all the solutions to

(11) becomes complete only when we add

such vector eigenfunctions of (5) which are
admitted when D(K) = O. That these addi-

tional eigenfunctions are the analogs of the
TEM modes in the anisotropic case is evi-
dent from the fact that D(.) = (dpe –.92 for
an isotropic medium with scalar p and e. The
analogy to TEM modes indicated here
should not be taken to imply any TEM-like
properties of these eigenfunctions in the

anisotropic case.
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An Extension of the Reflection Co-

efficient Chart to Include Active

Networks*

INTRODUCTION

At a single frequency, a two-port can be
represented by the scattering matrix [1], [5]

[b] = [.s][a] (la)

bl = sllal + sna~ (lb)

bl = s21a1 + s2%a2 (It)

where s12= szl in the reciprocal two-port. If

one defines an input reflection coefficient
I’~fi = &l/al and a load reflection coefficient
TL =at/bt one can form

~. _ (S122 – SuS22)rL + S11

*n
1 – S22rL

(2)

Eq. (2) can be considered as a mapping
of the rL plane into the I’tn plane. Since this
is a bilinear transformation, angles between

* Received by the PGMTT, November 17, 1958.
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intersecting lines are preserved and circles

will transform into other circles. The load

reflection coefficient can be written as
r~ @WrL, where for a passive load
rL ~~. .4t some output reference plane,

the insertion of varying amounts of matched

lossless line will vary the angle of rL so that

the locus of rL will be a circle centered at

the origin and with a radius of l~zl. The
locus of the input reflection coefficient will
also be a circle which will not in general be
centered at the origin of the ri. plane. If
I r~l = 1, the r,. circle can be used to meas-

ure [2], [3] the scattering coefficients of the

two-port. This circle may be referred to as

the loss circle of the two-port. It is noted

that iftheload isdissipative (i.e., lrLl <1),
the rL circ]es will be concentric with the

unity circle and will have smaller radii. The
I’~n circles will lie within the transformed

unity circle, although the centers of the
circles will not coincide but lie [4] on a

straight line connecting the iconocenter and
the origin of the J7i. plane. If the angle of
rLis held constant (modulo ~), this will de-

scribe a diameter of the unity circle in the
rL plane. This will map into the 17in plane

as arcs of circles orthogonal to transformed

constant \rLl circles. Since all of thediame-

ters in the rL plane intersected at the origin,

all of the arcs in the ri. plane will intersect

at the iconocenter.

ACTIVE NETWORKS AS LOADS

If the restriction that the ]rLl<~ is

removed, corresponding toa source of power

or negative resistance at the output, the ex-
tension of the theory follows logically. If
\ rLl is a constant and greater than unity,

the locus will be a circle with a radius
greater than unity (j.e., outside the Smith

Chart). It will be mapped into a circle which

mayor maynot bean or in part outside the

Smith Chart. If no part of thecircle is out-

side the unity circle, an observer at the in-

put port could not tell that there was an
active elemental the output. If part (or all)

of the circle is outside of the chart the ob-
server might (or would) see power coming
out of the two-port’s input, depending on

the phase angle of rL. If the angle of I’~ is
held constant (modulo ~), the extension of
the diameter in the r~ plane will map into
the complete orthogonal circle as the magni-

tude of r~ varies from zero to infinity. It

should be noted that the radii of the orthogo-
nal circles will vary and one will have an

infinite radius (a straight line). For every
phase angIe of rL there will be a maximum

I J7;nl. Examining (2) it can be seen that if

S22rL=l the input reflection coefficient will
become infinite. Since bl/al is infinite and al
is presumed to be finite, bl is infinite or infr-
nite power is coming out of the input of the

two-port. The value of J7z equal to the re-
ciprocal of Sjz for infinite power can also be

obtained from (lb) as the power at the out-

put becomes infinite. Itis noted that letting
rr, approach infinity will not represent infi-
nite power except when s22=0.

conservation of energy in the passive two-

port ~s1z21+ls&lsl. Therefore s,Z=O.
Similarly, it can be shown by taking the

equality lagain Islll =1, When these values

are substitutedin (2), r’~n=sll. The two-port

has been broken into two disjoint one-ports

(no transmission between the two),

If the two-port contained some active

elements the scattering coefficients could
have any value. It is probable that the ac-

tive elements will alter the reciprocity rela-
tionship slz=s~l. However an equivalent re-
ciprocal s12’ could be determined by the
Deschamps method .SlZ.’=~SlNZl. Therefore

it is clear that active elements can be han-

dled whether they appear in the load or the

two-port.

REPRESENTATION OF MICROWAVE CIRCUITS

The bilinear transformation may be

written as rt.=~(rL) where ri. and rL

represent the input and the output of the

two-port, while the transformation T de-
scribes the two-port uniquely. Anyr~ncircle
can be obtained from an infinite combination
of T’s and I’~’s. The transformations Tcan

be considered as belonging to three distinct
types of transformations depending on

whether lrLl is greater than, equal to, or

less than unity. For a given loss circle a set

of scattering coefficients can be determined.

Only if /1’~1=1, the determined scattering
coefficients will be the actual coefficients of
the network, However, an observer at the

input is unable to distinguish how the given
loss circle is obtained and he can represent
the two-port and the load as an “equivalent”
two-port with a purely reactive load. If the
load is purely reactive the “equivalent” net-
work becomes the actual network.

If theother two parameters, r~and T,

are held constant (separately), added infor-

mation may be found out about the behavior

of microwave circuits. If the transformation

T is held constant, the two-port is invariant,

and the previous discussion regarding the

transformation of r~ circles to rin circles is
applicable. The converse of the previous
statement is also true since inverse trans-
formation isako bilinear. If theloa(ireflec-
tion circle is held constant, varying r~. will

determine the transformation or the net-
work.

Therefore it can be seen by the extension
of the reflection coefficient chart that it is

possible to represent any two-port and load

at the input by another two-port with a

purely reactive termination. Therefore a
prescription of the ri. and r~ circles will

determine a network. This description re-
duces to that of Deschamps when the rL

circle is the unit circle. The graphical method
gives a clear geometric picture of the be-
havior of a given two-port in terms of input
and output reflection coefficient loci.
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Characteristics of a Ferrite-Loaded

Rectangular Waveguid e Twist*

The Faraday effect in a straight rec-
tangular waveguide, a section of which is
completely filled with a ferrite material sub-
jected to an axial magnetic fie~d, has been

described by Du Pr6,1 who states that, owing
to the presence of a medium of dielectric
constant and permeability greater than
those of air, modes other than the usual
TE,o mode may be propagated in the
ferrite-filled section. In particular, the TEOI
mode whose electric vector is perpendicular
to the narrow dimension of the guide may
be supported. If, owing to Faraday rotation,
the TEIo mode is converted to the TEo,
mode, propagation cannot take place beyond

the ferrite-filled section. Experimentally this

was confirmed by Du Pr6 who observed a

minimum of transmitted power for 90° ro-

tation. Similar results were obtained in this
laboratory with a straight rectangular guide

loaded with a cylindrical ferrite specimen

the ends of which were tapered for matching
purposes as shown in Fig. I (a). For a given
axial magnetic field the reduction of trans-

mitted power was Iargest with the specimen
in the center of the guide, but, as might have
been expected, no nonreciprocal effects were
observed. A twisted rectangular waveguide
section, however, loaded with the same

specimen, exhibited nonreciprocal charac-

teristics. In the experiment the sampIe was
mounted centrally midway between the

flanges of a 90° cornmerc’ial 0.4x 0,9 inch
twist and an axial magnetic field was applied

as shown in Fig. 1 (b).
For constant incident power the trans-

mitted power varied with both the magni-
tude and the direction of the magnetic field.
With the particular nickel-cobalt ferrite

used, nonreciprocal behavior was most
pronounced at around 89(OC1mc where, at
the optimum vaIue of field current, fevefsd

of the magnetic field caused a reduction of

ACTIVE NETWORKS IN THE TWO-PORT * Received by the PGMTT, November 24, 1958.
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